We present a revised definition of a Ribaucour transformation for submanifolds of space forms, with flat normal bundle, motivated by the classical definition and by more recent extensions.
INTRODUCTION
This is an expository article which presents a new definition of a Ribaucour transformation and includes some of its applications. The revised definition was introduced in (Corro and Tenenblat 2002) , motivated by a discussion of the classical definition of a Ribaucour transformation for hypersurfaces and some more recent extensions to submanifolds with higher codimension and flat normal bundle (Corro 1997, Dajczer and Tojeiro 2002) . The new definition provides a precise treatment of the geometric aspect of such transformations preserving lines of curvature and it also extends Ribaucour transformations to submanifolds whose principal curvatures have multiplicity bigger than one.
Ribaucour transformations have a wide range of applications. In this paper, we will restrict ourselves mainly to the results obtained in (Corro et al. 2000 (Corro et al. , 2001 ). We will show how Ribaucour bundle and parametrized by lines of curvature, are said to be related by a Ribaucour transformation if there exist a diffeomorphism ψ : M →M, which preserves lines of curvature, a differentiable function h : M → R and unit normal vector fields N ,Ñ , parallel in the normal connection of M andM, respectively, such that ∀q ∈ M, q + h(q)N (q) = ψ(q) + h(q) Ñ(ψ(q) ) and the subset q + h(q)N (q) is n-dimensional. Definition 2.2 (Dajczer and Tojeiro 2002) . Two holonomic isometric immersions f : M n → some basic geometric aspects which motivated the new definition. We start by observing that the definitions above require a Ribaucour transformation to preserve all lines of curvature. This is one of the basic problems that will treated. We first mention that, even in the case of surfaces in R 3 , one has to fix a surface and then consider those associated to the given surface by Ribaucour tranformations (instead of considering two surfaces associated by the transformation). An easy example illustrates this observation. Consider in R 3 the following segments: (1, 0, t), (1 + t, 0, t) and (1 + t, 0, 0), where t > 0.
By rotating the segments arround the x 3 axis one gets a half cylinder, a truncated cone and the complement of a unit disc in the x 1 , x 2 plane. Let ψ be the diffeomorphism that to each point of the cylinder (cos θ, sin θ, t) it associates the point ((1 + t) cos θ, (1 + t) sin θ, 0) on the plane. Then the truncated cone is the set of intersection of the normal lines and ψ preserves the lines of curvature. However, one cannot say that the cylinder is associated to the planar region, since not all lines of curvature of the plane correspond to such curves on the cylinder.
Preserving Lines of Curvature
It is generally accepted that Ribaucour transformations preserve lines of curvature. In the classical theory and in both (Corro 1997) and (Dajczer and Tojeiro 2002) , the definition is characterized essencially by the same integrable system of differential equations, whose solutions provide immersions locally associated by Ribaucour transformations to a given immersion. However, one can show (see Corollary 2.10 and also Corro et al. 1999 ) that this procedure does not always preserve multiplicity of principal curvatures. In such cases, the requirement of ψ preserving all lines of curvature does not hold. This is due to the fact that the system of differential equations is a necessary condition for the existence of immersions associated to a given one by Ribaucour transformations, but it is not sufficient. Indeed one can show that given any hypersurface M n of R n+1 , which admits n orthonormal principal direction vector fields, there exists a solution to the system of differential equations so that the associated hypersurface is an open subset of a hyperplane or a sphere (see Corollary 2.10).
In the new definition, the requirement of preserving lines of curvature is replaced by the requirement of preserving the lines of curvature corresponding to a fixed set of n orthonormal vector fields of principal directions. In that case, the system of equations (which appear in [Corro 1997 , Corro et al. 1999 , Dajczer and Tojeiro 2002 ) is indeed equivalent to the definition. Moreover, for submanifolds which admit principal curvatures with multiplicity bigger than one, in any dimension or codimension, the choice of distinct set of orthonormal principal directions may provide, by solving the system of equations, distinct families of submanifolds associated by Ribaucour transformations (see Remark 2.11).
Holonomic Submanifolds
The classical theory and Definitions 2.1 and 2.2 require the submanifolds to be holonomic. (i.e. they admit a global parametrization by lines of curvature). However, by considering distinct such parametrizations (for hypersurfaces with admit principal curvatures with multiplicity bigger than one) one may obtain different associated submanifolds (see Remark 2.11). The nonholonomic case was considered in (Dajczer and Tojeiro 2001) , with the same problem with respect to the transformation preserving all lines of curvature.
The new definition does not require the manifold to be holonomic. However, it requires the existence of n orthomormal vector fields of principal directions globally defined, which will be preserved by the transformation. If the submanifold is parametrized by orthogonal lines of curvature, then the vector fields tangent to the coordinate curves are considered to be the principal directions that will be preserved. We observe that, for n ≥ 3 the choice of a set of n orthonormal vector fields of principal directions does not imply the existence of a local parametrization such that the coordinate curves are tangent to these vector fields, nor that the submanifold is holonomic.
Extending the Condition on the Intersection of the Normal Lines
Assuming that the submanifolds have flat normal bundle, while Definition 2.1 requires the existence of a unit vector field normal to each submanifold such that the corresponding lines intersect at an equidistant point, Definition 2.2 requires the existence of an isometry of the normal bundles such that the corresponding normal lines are parallel or intersect at an equidistant point.
The new definition requires the existence of a vector field normal to each submanifold such that at corresponding points the lines in these normal directions intersect at an equidistant point. It can be shown that this condition implies the existence of a correspondence between the normal bundles (resp. tangent bundles) such that the lines at corresponding normal (resp. tangent) vectors are parallel or intersect at an equidistant point. Moreover, the correspondence between the normal bundles can be chosen so that it is an isometry wich commutes with the normal connection.
The Set of Equidistant Points
The classical definitions and Definition 2.1 requires that the set of the intersections of the normal lines is an n-dimensional submanifold. The existence of a normal vector field, which is nowhere a principal curvature normal to the immersion in Definition 2.2, is equivalent to requiring the existence of a normal vector field for which the set of intersections of the corresponding normal lines is an n dimensional submanifold.
In view of the aspects mentioned above, the revised definition is as follows: parametrized by lines of curvature, whenever the principal curvatures of the associated submanifolds have multiplicity one. Moreover, it is equivalent to the system of differential equations which appeared in the papers mentioned previously. The requirement of ψ being a diffeomorphism implies that both manifolds are topologically equivalent. In general this is a very strong condition. Many interesting applications of this method (see section 3) show that in general one has immersions locally associated by Ribaucour transformations to a given one, even when both manifolds are complete. Moreover, the integrability of the corresponding system of differential equations imposes one to consider solutions on the universal covering of the given immmersion.
In what follows we consider a submanifold M n of R n+p , with flat normal bundle. Let e i , 1 ≤ i ≤ n, be orthonormal principal vector fields on M and let N α 1 ≤ α ≤ p be a an orthonormal frame normal to M parallel in the normal connection. We denote by ω i the one forms dual to the vector fields e i and by ω ij , 1 ≤ i, j ≤ n the connection forms determined by dω i = j =i ω j ∧ ω ji and ω ij + ω ji = 0 and the normal connection ω iα =< de i 
dN α (e i ) = λ αi e i , h and B satisfy the differential equations
where
In the theorem above, the associated parametrized manifoldX depends on a function h and a matrix B satisfying the differential equations (5) and (6). However, the expressions of the parametrizationX given by (1) and its normal vector fieldÑ 1 depend only on the first row of matrix B. The other rows of B are related to fixing the unit vector fieldsÑ γ , normal toX, for γ ≥ 2.
IfM is associated to M as in Definition 2.3, then one can show that for each pointq ∈M and any unit vector normal (resp. tangent) toM atq, there exists a unit vector, normal (resp. tangent) to M at a corresponding point q, such that the lines in these directions are parallel or intersect at an equidistant point. One can also prove that there exists a matrix B, which satisfies (5) and (6), such that the correspondence between the normal bundles is an isometry which commutes with the normal connections (hence it satisfies the conditions of the Definition 2.2).
One can linearize the problem of obtaining the function h, by considering h = /W 1 and i defined by i = d (e i ). With this notation, equation (4) is equivalent to a linear system given in the following result.
Proposition 2.6. A function h is a solution of (4) 
Proposition 2.7. Equation (7) is the integrability condition for (8) and (9). Moreover, (7) implies that there exist functions W γ , 2 ≤ γ ≤ p, defined on a simply connected domain such that
Proposition 2.8. Equations (7)- (10) are the integrability conditions, for the system of equations (5) and (6) for B. Moreover, for a given solution of (7)- (10) the matrix function
is a solution of (6). As a consequence of Proposition 2.8, Theorem 2.5 can be rewritten as follows.
Theorem 2.9. Let M n be an immersed submanifold of R n+p , with flat normal bundle parametrized 
where, S is defined by (12),
is a parametrization of a neighborhood ofq inM given bỹ
From now on, whenever we say that a submanifoldM is locally associated by a Ribaucour transformation to M with respect to e i , we are assuming that e i are orthonormal principal direction vector fields on M and there are functions i , and W γ , locally defined, satisfying the system (7)- (10). The following result states that an n-dimensional sphere or a hyperplane can be locally associated by a Ribaucour transformation to any given hypersurface M n ⊂ R n+1 , which admits n orthonormal principal direction vector fields.
vector fields e i . The system of equations (7)- (9) with the additional algebraic condition 
This corollary shows that the system of equations (7)- (9) does not preserve multiplicity of principal curvatures. This fact had already been observed in (Corro et al. 1999) .
We conclude this section with a remark which shows the effect of choosing distinct sets of orthonormal principal directions (or distinct parametrizations by lines of curvatures), when one applies Ribaucour transformations.
Remark 2.11. Whenever the multiplicity of the principal curvatures of M is bigger than one, the submanifoldsM associated by a Ribaucour transformation to M may differ depending on the choice of the set of principal directions.
In fact, if we consider the parametrization
3 and e i = X u i , i = 1, 2, to be the unit tangent vectors, then the family of Dupin parametrized surfacesX, locally associated to X by a Ribaucour transformation with respect to e i does not contain a parametrization of a torus. However, if we consider the open subset of the plane parametrized by X(u 1 , u 2 ) = (u 1 cos u 2 , u 1 sin u 2 , 0), 0 < u 1 < ∞, 0 < u 2 < 2π . and the principal directionsē 1 = X u 1 andē 2 = X u 2 /u 1 , then one can show that an open subset of a torus is locally associated to the plane by a Ribaucour transformation.
APPLICATIONS TO LINEAR WEINGARTEN SURFACES
We start mentioning a few facts about linear Weingarten surfaces. These are surfaces whose mean curvature H and Gaussian curvature K satisfy a linear relation α + βH + γ K = 0, where α, β, γ are real numbers. A linear Weingarten surface is said to be hyperbolic ( resp. elliptic) when := β 2 − 4αγ < 0 (resp. > 0). The relation = 0 characterizes the tubular surfaces. In particular, surfaces of constant negative Gaussian curvature are hyperbolic, while surfaces of constant mean curvature (including minimal) and constant positive curvature are elliptic. Hyperbolic (resp. elliptic) linear Weingarten surfaces correspond to solutions of the sine-Gordon equation (resp. elliptic sinh, cosh-Gordon equation) (see for example Tenenblat 1998) . Ribaucour transformations for constant Gaussian curvature and constant mean curvature (including minimal surfaces), were known since the beginning of last century (Bianchi 1927) . However, they were applied for the first time to obtain minimal surfaces in (Corro et al. 2000) . More recently, in (Corro et al. 2001) , the method was extended to linear Weingarten surfaces, providing a unified version of the classical results.
We observe that linear Weingarten surfaces are locally parallel to surfaces of constant Gaussian curvature or to minimal surfaces. However, the Ribaucour transformations for these surfaces cannot be applied to produce complete linear Weingarten surfaces, since these parallel constructions in general produce curves of singularities. (7)- (9) with the additional condition (13) is integrable, whenever we start with a linear Weingarten surface. The solution is uniquely determined on a simply connected domain U , by any given initial condition satisfying (13). Moreover, whenever α = 0, any solution of the system defined on U is either identically zero and hence anihilates S or else the function S does not vanish on U .
If M is a linear Weingarten surface locally parametrized by X : U ⊂ R 2 → M ⊂ R 3 , then any linear Weingarten parametrized surfaceX, locally associated to X by a Ribaucour transformation as above, is regular onŨ
Special cases of the above results include the minimal surfaces and the cmc surfaces. The cmc surfaces are obtained by considering α = −H = 0, β = 1, γ = 0 and hence the algebraic condition (13) reduces to S = 2c (−H + W ), where c satisfies the relation c(c − 2H ) > 0. For any nontrivial solution of the system (7)-(9) and (13), defined on a simply connected domain U , the function S does not vanish. Hence, if X : U ⊂ R 2 → R 3 is a cmc suface, then a cmc surfacẽ X associated to X by Ribaucour transformation is regular on open subsets of U , where X has no umbilic points. The case of the minimal surfaces is obtained by considering α = 0, β = 1, and γ = 0 and the algebraic condition reduces to S = 2c W . One can show that the Ribaucour transfomations for minimal surfaces are related to producing embedded planar ends for the new associated minimal surfaces. In fact such ends are produced by the isolated zeros of S, where does not vanish.
The reader is referred to (Corro et al. 2000 (Corro et al. , 2001 ) for proofs and details in the case of the minimal surfaces, linear Weingarten and cmc surfaces. In what follows, we first describe the families of minimal surfaces associated to Enneper surface and to the catenoid. Then the family of linear Weingarten surfaces associated by a Ribaucour transformation to the cylinder is discussed.
Proposition 3.2. Consider Enneper's surface parametrized by
X(u 1 , u 2 ) = u 1 − u 3 1 3 + u 1 u 2 2 , u 2 − u 3 2 3 + u 2 u 2 1 , u 2 1 − u 2 2
Excluding Enneper's surface, a parametrized surfaceX(u 1 , u 2 ) is a minimal surface locally associated to X by a Ribaucour transformation as in Theorem 3.1, if and only if, up to a rigid motion of R
where c is a positive real number,
where δ = ±1, A, B are real numbers and the functions f and g are defined in R 2 \ {p k , k ∈ Z},
(−A/2, −δπ/4 − B/2 + kπ). The family of minimal surfaces associated to Enneper's surface depends on three parameters. Each surface of this family has infinite total curvature and corresponds to a complete immersion of a sphere punctured at an infinite number of points, which are contained on a circle and accumulate at the pole. All except one of the infinite number of ends are embedded planar ends, whose positions are determined by the parameters. Figure 1 illustrates a minimal surface from the family described by (14) . In this figure, one can see two views of a region which contains two planar ends of the surfaceX for the constants A = 0, B = 1 and c = 1.
Our next result describes the family of minimal surfaces associated to the catenoid by Ribaucour transformations. Depending on the value of the parameter c of the Ribaucour transformation, the associated surface may have infinitely many embedded planar ends (see Callahan et al. 1989 for minimal surfaces with an infinite number of anular ends) or any finite number of embedded planar ends (see Jorge and Meeks 1983 for minimal surfaces with any finite number of catenoid ends). Moreover, each surface has one or two nonplanar ends. We point out that the family of minimal surfaces associated to the catenoid are of genus zero and contain a special class of 1-periodic surfaces. 
Excluding the catenoid and up to rigid motions of
where c = 0, f (u 1 ) and g(u 2 ) are given as follows:
, where c 1 = 0, b 1 ∈ R, and the functionX 1/2 is defined on R 2 \ {p 1 } with
(−A, ∓π/2 + 2kπ).
One can prove that any minimal surfaceX c , locally associated to the catenoid, is complete. Its geometric properties are quite distinct, depending on the value of the parameter c.
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In particular, for special values of c, namely when √ 1 − 2c = n/m is a rational number, n = m, the associated family of minimal surfaces will be denoted byX (n,m) . Any minimal surface ofX (n,m) is 1-periodic in the variable u 2 , has total curvature −4π(n + m) and it is an immersion of a sphere punctured at n + 2 points: the two poles, corresponding to u 1 → ±∞, and n points contained on a circle. Its Gauss mapÑ extends to the n + 2 points. The surface has n embedded planar ends and two ends F ± , of geometric index m, corresponding to u 1 → ±∞, that grow asymptotically as the ends of the catenoid. In particular, F ± are embedded catenoid ends, if and only if m = 1. Figure 2 contains several examples of such surfaces. 
Whenever c is such that 2c − 1 ≥ 0 or 2c − 1 < 0 and √ 1 − 2c is not a rational number, thenX c is a family of complete minimal surfaces which have infinite total curvature and they are not periodic in any variable. Any surface of the familyX c is an immersion of a sphere punctured at two points if 2c − 1 = 0 and punctured at an infinite number of points contained on a circle, otherwise. Its normal mapÑ extends to the points p k described in Proposition 3.3. Moreover, the ends of any such surface are planar except the end corresponding to |u| → ∞.
We observe that whenever c = 1/2 any surface ofX 1/2 is an immersed minimal surface with two ends. One of them, corresponding to p 1 , is planar and the other one, corresponding to the pole, is not embedded.
The families of minimal surfaces, associated to the catenoid depend on two parameters. While the geometric properties of the surfaces are determined by c, the position of the planar ends is determined by the other parameter (see Figure 2 a) and b) ).
Our next application provides a two-parameter family of linear Weingarten surfaces, Proposition 3.4. Consider the cylinder parametrized by 
where N is the inner unit normal vector field of the cylinder, c = 0 and γ are real constants, such that
and c are not simultaneously positive, and f (u 1 ), g(u 2 ) are solutions of the equations f + cf = 0, g + ξg = 0, with initial conditions satisfying
The linear Weingarten surfacesX cγ associated to the cylinder and parametrized by (15) (excluding the cylinder), have curves of singularity if c ξ ≥ 0. Moreover, if c ξ < 0 then, up to rigid motions of R 3 , the surfaceX cγ is determined by the functions
where ε i = ±1, c = 0 and γ are real numbers and ξ(c, γ ) is defined by (16). One can show that the surfaceX cγ is complete, if and only if, cξ(c, γ ) < 0 and the pair (c, γ ) belongs to a region D ⊂ R 2 with two connected components described in Figure 3 . The functions which determine the components of D are defined by If c < 0 and √ ξ(c, γ ) = n/m is an irreducible rational number, then the linear Weingarten surfaceX cγ is periodic in the variable u 2 and hence it is an immersion of a cylinder into R 3 . One proves that the immersed surface has two ends of geometric index m and n isolated points of maximum (respectively minimum) for the Gaussian curvature. Moreover, the total curvature of X cγ is zero, while its total absolute curvature is 8πn. The ends are embedded if and only if m = 1; in this case they are cylindrical ends. If c > 0 or c < 0 and √ ξ is not a rational number then the linear Weingarten surface,X cγ , associated to the cylinder is not periodic in any variable. It is an immersion of R 2 into R 3 with an infinite number of isolated critical points of its Gaussian curvature. One can also show that the complete linear Weingarten surfacesX cγ are asymptotically close to the cylinder. We observe that the surfaces given byX cγ are tubular surfaces when γ = −1/2, since they satisfy = β 2 − 4αγ = 0. Figure 4 illustrates several examples of this family of surfaces. We point out that the surfacesX cγ , where c < 0 and γ < −1/2, are hyperbolic since < 0. Therefore, they show that there exist complete hyperbolic linear Weingarten surfaces immersed in R 3 , although there are no such surfaces with constant negative curvature (Hilbert's theorem).
The class of linear Weingarten surfacesX cγ contains a family of 1/2 cmc-surfaces obtained by considering γ = 0. Whenever c < 0, these cmc-surfaces have one spherical family of curvature lines. Such surfaces are called of Enneper type by Wente (Wente 1992) . By choosing √ 1 − c = n/m, an irreducible number, one gets n-bubble cmc-surfaces. These surfaces were first described by Sievert (Sievert 1886) for n = 2 (see also (Pinkal and Sterling 1989) ) and their existence was proved later in (Große-Brauckmann 1993) and (Sterling and Wente 1993) . For other values of c the cmc-surfaces are not periodic in any variable.
Similarly, by using Ribaucour transformations one can obtain families of cmc surfaces associated to the Delaunay surfaces. By restricting the range of the parameter c of the Ribaucour transformation, one gets families of complete cmc surfaces. For special values of c one gets periodic surfaces in one variable otherwise the surfaces are not periodic in any variable. Details and proofs for the results on linear Weingarten surfaces and cmc-surfaces can be found in (Corro et al. 2001 ).
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